In order to achieve efficient parametric frequency comb generation in microresonators, external control of coupling between the cavity and the bus waveguide is necessary. However, for passive monolithically integrated structures, the coupling gap is fixed and cannot be externally controlled, making tuning the coupling inherently challenging. We design a dual-cavity coupled microresonator structure in which tuning one ring resonance frequency induces a change in the overall cavity coupling condition. We demonstrate wide extinction tunability with high efficiency by engineering the ring coupling conditions. Additionally, we note a distinct dispersion tunability resulting from coupling two cavities of slightly different path lengths, and present a new method of modal dispersion engineering. Our fabricated devices consist of two coupled high quality factor silicon nitride microresonators, where the extinction ratio of the resonances can be controlled using integrated microheaters. Using this extinction tunability, we optimize comb generation efficiency as well as provide tunability for avoiding higher-order mode-crossings, known for degrading comb generation. The device is able to provide a 110-fold improvement in the comb generation efficiency. Finally, we demonstrate open eye diagrams using low-noise phase-locked comb lines as a wavelength-division multiplexing channel.
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Microresonator-based optical parametric frequency comb generation has demonstrated high performance capabilities [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , including mode-locking and octave spanning behavior; however, in order to achieve efficient and versatile comb generation, active tuning of the cavity coupling condition as well as the cavity dispersion is necessary. Currently, the pump power and cavity detuning are variable parameters used to control the nonlinear interaction, whereas other parameters such as the dispersion, quality (Q) factor, and cavity coupling condition are static and are fixed during fabrication. The coupling ratio controls the intensity of the pump and generated comb modes propagating in the resonator and the intensity coupled out of the cavity. Furthermore, it also determines the efficiency of the overall comb generation process [14] . The dispersion has a key role in phase-matching the four-wave mixing (FWM) process, and thus determines the bandwidth of the generated comb. Coupling and dispersion are both designed based on waveguide geometry, so they are generally both immovable. Inherent fabrication variation of dimensions and loss rate also leads to a significant uncertainty of resonance extinction for any designed structure. Post-fabrication extinction control would enable full optimization of device efficiency and increase total device yield. Such a tunable device would be versatile enough to generate a comb of arbitrary bandwidth and optimized efficiency.
Tuning the coupling between the bus waveguide and resonator is challenging since in standard passive monolithically-integrated structures, the coupling gap is fixed by design and cannot be changed after fabrication. Demonstrations of tunable comb generation have included resonance frequency tunability, which enables control over the operating wavelength. Such tuning has been achieved during comb generation via both thermal and electro-optic means [3, 10, 18] . Coupling gap tunability enables greater control over the comb generation process, allowing for optimization of comb efficiency [14] . Coupling tunability has been demonstrated in integrated silicon devices using a Mach-Zehnder interferometer (MZI) coupler [15] [16] [17] . However, the coupling produced by this MZI structure inherently has a sinusoidal wavelength dependence, which can be detrimental to broadband comb generation. Coupling gap tunability can occur in suspended microtoroid and wedge resonator structures, since the devices are operated using suspended tapered fibers [20] ; however, this approach requires highly stable fiber positioning with accuracy on the scale of tens of nanometers in order to achieve controllable tuning.
Here, we show a dual-cavity coupled microresonator structure in which tuning one microring resonance frequency induces a change in the overall cavity coupling condition, as evident in the transmission extinction ratio. Our structure consists of two identical microring resonators evanescently coupled to each other, with one ring coupled to a bus waveguide [ Fig. 1(a) ]. Due to the evanescent coupling, the two resonant cavity modes hybridize to form a coupled eigenmode system, in which two superposition eigenmodes ("supermodes") are formed: a symmetric (s) and an anti-symmetric (as) mode. These two new eigenmodes exhibit modified resonant frequencies, according to:
in which ω avg is the average of the individual cavity resonance frequencies, ∆ω is the difference between the individual cavity resonances (cavity detuning), and κ ω is the inter-ring temporal coupling rate. If the cavities are degenerate (∆ω = 0), the supermode resonances are split apart from the isolated cavity resonance frequency by ±κ ω . When the inter-ring coupling rate exceeds the individual cavity decay rate, distinct doublet resonances form at each cavity free spectral range (FSR). As the detuning between the two cavities is varied, a characteristic anticrossing shape is formed, as in Fig We engineer the ring coupling conditions in order to enable highly efficient, wide extinction tunability. Using a transfer matrix approach, we simulate this structure for high-Q silicon nitride (Si 3 N 4 ) cavities. Along the mode anti-crossing [ Fig. 1(b) ], the varying mode interaction causes the resonance extinction to change significantly; this provides our desired tunability. The device consists of two coupling regions that control the mode interactions: the ring-to-bus coupling region and the inter-ring coupling region. The ring-to-bus coupling controls the range of accessible extinctions, and the inter-ring coupling controls the efficiency of the tuning. We plot the resonance extinction along the anti-crossing for various ring-to-bus coupling conditions, shown in Fig. 2(a) . For all three cases, the extinction approaches a constant value at large detunings when the rings are essentially decoupled, and goes through a steep transition near zero detuning. The shorter-and longer-wavelength resonances exhibit opposite trends about zero detuning. The maximum overall coupling-condition for the dual cavity occurs at large detunings, when light is localized entirely in the first cavity, with minimum perturbation from the second cavity. As the second cavity couples more strongly with the first (at smaller detunings), light becomes distributed throughout both rings, effectively decreasing the coupling to the bus waveguide. With heaters to independently tune the cavity resonance frequencies, we can therefore tune the extinction simply by applying electrical power to the device. In Fig. 2(b) , we show that the tuning efficiency, i.e. the slope of the extinction response with ∆n, can be tailored by engineering the inter-ring coupling rate. By decreasing the coupling rate, the anti-crossing response becomes sharper, which improves the tuning efficiency. The upper bound on efficiency occurs when the inter-ring coupling is on the order of the cavity decay rate. Therefore, a higher Q enables higher-efficiency tuning. For example, a cavity with a Q-factor of 2 × 10 6 can tune the extinction from a 1 dB under-coupled resonance to 11 dB with a refractive index shift of 1.4×10 −5 . For a Si 3 N 4 structure (exhibiting a thermo-optic coefficient of 4×10 −5 RIU/K) with heaters as described below, this tuning would require a low power budget of approximately 1 mW of heater power. Our fabricated devices consist of coupled high-Q Si 3 N 4 microresonators with tunable extinction ratio via integrated microheaters. We fabricate a dual coupled microresonator in Si 3 N 4 with cross-sectional dimensions 950 × 1400 nm. The structures are fabricated using a process similar to the one described in [21] . Above the waveguide cladding, we fabricate integrated microheaters by sputtering platinum and using a lift-off approach, yielding a cross-section of 100 nm tall by 6 µm wide. We position the heaters 1.9 µm above the waveguide to ensure negligible optical loss while maintaining close proximity for efficient heat delivery. These heaters yield an efficiency of 1.35 × 10 −5 RIU/mW. Our fabricated devices have an intrinsic Q-factor of approximately 2 × 10 6 , and radii of 115 µm as well as 75 µm, yielding devices with FSR's of 200 GHz and 500 GHz, respectively. This cross-section yields anomalous group-velocity dispersion (GVD) (β 2 = -180 ps 2 /km) at our pump wavelength of 1560 nm critical to ensure phase matching for parametric comb generation [22] . A micrograph of the 200 GHz FSR device is shown in Fig. 3(a) .
The fabricated devices demonstrate good agreement with the simulated extinction tuning. Using the integrated microheaters, we first tune ring #2 while keeping ring #1 constant. In order to achieve blue detuning (∆n < 0), we bias heater #1 above room temperature. The blue data points in Fig. 3(b) are measured resonance positions as the heater on ring #2 is tuned. The red line in Fig. 3(b) is a curve fit based on Eq. (1), with an additional parameter included to account for thermal cross-talk between the two rings. There is good agreement between theory and experiment. In Figs. 3(c) and (d), we plot the measured extinction as a function of detuning for a critically-coupled device and an over-coupled device, respectively. We see an experimental trend that matches the theoretical curves very closely in Fig. 2 (a) (blue and green curves, respectively). Figure 3 (e) shows our ability to compensate for the overall wavelength shift as the extinction is thermally tuned. By tuning both heaters independently for each ring, we are able to compensate for this wavelength shift, and demonstrate 13.3 dB of tuning of the resonance extinction, from 0.7 dB to 14 dB. Since we can keep the resonance in place as the extinction is tuned, this device is useful for real-world applications involving single-frequency lasers.
We show that the dispersion introduced by the coupled cavity geometry is highly tunable, and present a new method for dispersion engineering using modal dispersion. In general, the dispersion of the inter-ring coupling region is more than one order-of-magnitude smaller than the magnitude of the waveguide dispersion, and thus has a very small effect on the total dispersion. Here, however, we harness the anti-crossing effect to create a much higher dispersion, which is also tunable. Dispersion due to higher-order mode-crossings has been investigated recently in Liu, et al [23] . Here, we realize this dispersion tunability using a Vernier structure, by ensuring that one ring has a different round-trip optical path length than the other [19, [24] [25] [26] . Having different FSR's, these cavity resonances operate at different ring detuning values across the spectrum, and thus the resonance splitting becomes wavelength dependent. The supermode resonance position can be represented in terms of the difference in FSR between the two cavities, ∆ FSR , and the cavity mode number, m. We rewrite Eq. (1) in this form: Only the lower-wavelength resonance is shown here. A small thermal cross-talk is present between the two rings resulting in an observed tilt in the anti-crossing shape. (c) Experimental measurement of extinction vs. detuning for a critically-coupled device and (d) for an over-coupled device. Ring #2 is detuned while ring #1 is kept constant. Extinction response matches theoretical trend in Fig. 2(a) for both critically-coupled and over-coupled devices. (e) Experimental measurement of extinction tuning at a fixed wavelength by using heater #1 for compensation. As heater #2 is increased, heater #1 is decreased in order to keep the resonance wavelength fixed.
where ω 1 is the resonance frequency of the first cavity,κ ω is the inter-ring temporal coupling rate, and m 0 = nω 1 R/c is the mode number where the two cavity resonance frequencies overlap, in which n is the effective mode index, R is the radius of the first ring, and c is the speed of light. The Vernier effect [19, [24] [25] [26] causes the resonance frequencies to overlap again multiple FSR's away, making this function periodic. Here, we analyze the effect over one period, which can be repeated for adjacent periods. The spectral dependence of supermodes frequency splitting can be expressed as the derivative of the frequency splitting with respect to cavity mode number, m:
This expression is a continuous function in m, but the cavity modes only exist for integer values of m, so the function is sampled at each integer cavity mode. For now, we have neglected the dispersion due to the waveguide geometry and material, which cause a spectral dependence of the FSR. The GVD, β 2 , can be expressed in terms of the second derivative of ω with respect to m, i.e. the difference between two adjacent FSR's surrounding mode m [27]:
where FSR ω is the free spectral range in units of angular frequency, ω. Using (2) and (4), we derive an expression for the modal GVD of the two supermodes:
where FSR ω here represents the average FSR of the two rings. The peak modal dispersion value is expressed as:
and the full width at half maximum (FWHM) bandwidth of the modal dispersion, expressed in units of cavity mode number, m, is:
There is a trade-off between strength of the modal dispersion [Eq. (6)], and the bandwidth [Eq. (7)], which are both a function of ∆ FSR and κ ω . It is straightforward to incorporate the waveguide and material dispersion with this modal dispersion in the above equations by accounting for derivative terms of the FSR, omitted here for simplicity. The properties of the modal dispersion can be tailored via the inter-ring coupling and the FSR mismatch, both of which are primarily fixed after fabrication. Additionally, integrated thermal control of the cavity resonance frequencies also allows us to tune the cavity frequency offset, enabling dynamic tunability of the strength of the modal dispersion. Using a fabricated device consisting of rings with slightly different FSR's, we measure the transmission spectrum across 100 nm of wavelength (1520-1620 nm) for multiple values of ring detuning and measure the resonance splitting. The spectral dependence of the resonance splitting across the spectrum, given by Eq. (3), is plotted in Fig. 4 (a) for multiple ring detuning values. Heater #1 is kept at constant power while heater #2 is tuned. The red line is a theoretical fit based on Eq. (3) using experimental parameters estimated independently. The experimental data follows the theory well. Two sample spectra corresponding to data points in Fig. 4 (a) are shown in Figs. 4(b) and (c). For this theoretical fit, we also plot the corresponding modal GVD, based on Eq. (5), in Fig. 4(d) . We see a maximum modal dispersion of ±4.5 ps 2 /km. As per Eq. (5), the symmetric and anti-symmetric modes acquire opposite dispersion values. The magnitude of this value is small compared to our total waveguide dispersion (β 2 = -180 ps 2 /km), which is simply due to a small FSR mismatch for this particular device. For larger FSR mismatch, this modal dispersion value can easily reach upwards of ±1000 ps 2 /km or more. Since this large dispersion is also highly tunable, this modal dispersion can be implemented as a powerful tool for dispersion engineering. This modal dispersion provides a critical knob for engineering the GVD of the system for phase-matching nonlinear optical processes. The wide tunability of our device allows us to overcome mode-crossings resulting from strong coupling between different transverse spatial modes -a major challenge for comb generation. Microresonator combs have been generated in multimode structures that can suffer from higher-order mode-crossings throughout the spectrum, originating from the coupling region as well as waveguide bends and the presence of slightly-angled sidewalls [28] [29] [30] . Even in single-mode structures, where no higher-order modes exist, strong polarization mode-crossings can occur. Such mode-crossings can strongly affect the comb generation process due to the localized changes in dispersion, which can prevent soliton formation [31] and distort the amplitude of the generated spectrum [32] . Several studies have taken steps to reduce the presence of higher-order mode coupling [33, 34] . When mode-crossings occur, one expects the FSR to deviate strongly from the expected value, accompanied by a reduction in the Q caused by the significantly enhanced losses of the higher-order modes. In order to characterize the modecrossings in the dual-cavity structure, we measure the FSR and loaded Q of both supermodes of a 500 GHz FSR dual-cavity device. The transmission measurement of the dual-coupled microring is shown in Fig. 5(a) and the measured FSR and the loaded Q factor are shown in Figs. 5(b) -(e). The resonance wavelengths are precisely determined using a laser-based precision measurement of the wavelength-dependent FSR, which allows for measurement of the FSR with a relative precision of 10 −4 [35] . The measurement indicates that the presence of mode-crossings severely disrupts the resonance frequency position. For the left resonances, we observe large higher-order mode-crossings at 1570 nm, 1585 nm, and 1610 nm, which result in significant deviations in the FSR and additional small mode-crossings at 1520 nm and 1545 nm.
For the right resonances, we observe large higher-order mode-crossings at 1560 nm and 1585 nm and a small mode-crossing at 1525 nm. These regions are indicated by gray sections in Figs. 5(b)-(g). The corresponding loaded Q characterization shows that the large mode-crossings are accompanied by a significant reduction in the Q caused by the significantly enhanced losses of the higher-order modes. As a result, pumping at these wavelengths hinders the generation of a stable comb due to insufficient power enhancement in the cavity. However, as shown in Fig.  5 (f) and 5(g), by ensuring that the spectral position of these mode crossings is far detuned from the pump at 1560 nm and 1540 nm for the left resonances and right resonances, respectively, we are able to generate a stable, low-noise comb with 1.5 W of pump power. The generated spectra show some asymmetry, largely due to the presence of the large mode-crossings. In ad- dition to altering the spectral position of the resonance, these mode-crossings reduce the cavity enhancement and subsequently restrict the comb bandwidth. We demonstrate that this device can be used to avoid mode-crossings by dynamically tuning the position of a mode-crossing. The ability to dynamically control the position of modecrossings is vital particularly for many applications that cannot rely on the tuning of the pump source. Beginning with an as-fabricated 200 GHz FSR dual-cavity device with 100 mW of heating on ring #1 [Fig. 6 , blue curve], we observe a mode-crossing at 1548 nm, indicated by a local decrease in extinction for a single FSR resonance. When we sweep the resonance of ring #2 by 0.4 nm (heater power from 0 to 40 mW), we observe that the mode-crossing shifts across the spectrum by over 3 nm (2 FSR's), which is almost an order of magnitude larger than the ring resonance shift. Therefore, we can tune the mode-crossing with high-efficiency. This high tuning efficiency is due to the anti-crossing behavior of the dual cavity structure. This novel degree of freedom can be used for comb generation optimization.
We harness the ability to tune the resonance extinction to optimize frequency comb generation efficiency and show a 110-fold improvement in the comb efficiency. We generate frequency combs in this structure at different ring detuning values and monitor the resonance extinction [ Fig. 7(a)-(c) ] as well as the spatial distribution of light [ Fig. 7(d)-(f) ]. Here we use a 200 GHz FSR dual-cavity device and pump using a single-frequency tunable diode laser amplified by an erbium doped amplifier. We couple into the chip using a lensed fiber, and measure approximately 5 dB coupling loss. We monitor the output of the comb on an optical spectrum analyzer (OSA). We observe different distributions of light across both rings according to their resonance detuning. In Figs. 7(e) and (f), the pump is tuned into a resonance that lies on opposing sides of the coupling anti-crossing position, where the light is primarily localized in ring #1 or in ring #2, respectively. We are able to tune the comb generation efficiency from degraded efficiency up to optimal performance [ Fig. 7(g)-(i) ]. We define our generation efficiency as the ratio of the total power in the comb lines divided by the pump power dropped into the ring. We measure this by taking the input laser power, subtracting the facet coupling loss, and subtracting the power measured in the OSA, which is the left-over pump that was not dropped into the cavity. We see a 40-fold improvement in efficiency from the comb in Fig. 7 (g) (blue) to the comb in Fig. 7 (h) (red), with efficiency increasing from 0.018% to 0.7% efficiency, respectively. Further, we are able to achieve a 110-fold improvement from the comb in Fig. 7 (g) (blue) to the comb in Fig. 7 (i) (violet), with efficiency increasing from 0.018% to 2% efficiency, respectively. We note that as shown in Bao, et al., an increase in coupling condition (indicated by the increase in extinction from Fig. 7(a) to (c)) yields an improvement in overall comb efficiency [14] . This drastic improvement demonstrates the strong impact that this tunability can have toward comb generation optimization.
We demonstrate open eye diagrams using the comb lines as a wavelength-division multiplexing (WDM) channel. For WDM applications [36] [37] [38] , power consumption is a critical factor, and the comb bandwidth should be confined to the operational wavelength range of the WDM system with high conversion to the comb lines. Furthermore, for the generated comb to be used as a multiple wavelength WDM source, low RF amplitude noise is required. We investigate the comb generation dynamics and the properties, in particular, to determine the stability of a comb line. We pump the resonator at 1560 nm for comb generation. To monitor the comb generation dynamics, we measure the optical and RF spectra, as well as the eye diagram through modulation of a single comb line. For the eye diagram, we use a 1 nm tunable filter to pick-off a single comb line which is modulated with a 2 31 − 1 non-return-to-zero pseudo-random bit sequence (NRZ PRBS) at 10 Gb/s and sent to a high-speed sampling oscilloscope for characterization. Figure 8 (a)-(c) shows the measured optical spectra, RF spectra, and the eye diagram, respectively, as the pump wavelength is tuned into resonance (top to bottom). While the optical spectra show no significant changes, the RF spectra show that the comb undergoes a transition to a low RF amplitude noise state, similar to behavior observed previously [39] . Furthermore, the eye diagram illustrates the behavior of the comb at a single resonance. In the high-noise state (top, middle), the eye shows poor signal-to-noise and significant distortion, which can be attributed to the fast intensity fluctuations of multiple comb lines within the single resonance through various FWM processes. As the pump is tuned further, the signal-to-noise further degrades to the point where the eye is completely closed, which corresponds to comb instability from chaotic-like behavior [40] . Once the comb transitions to the low phase noise state, the eye diagram shows good signal-to-noise. Our results indicate that, even with mode-crossings in close proximity in wavelength, it is possible to generate a stable, low-noise comb suitable as a multiple wavelength source for WDM applications. In summary, we present a tunable microresonator frequency comb device for application in microresonator comb stability and efficiency tuning. This device consists of a dual-cavity coupled microresonator structure with integrated microheaters. Our design can be used for active optimization of comb efficiency, stabilization, and can be potentially useful for active control of mode-locking behavior. Our observation of the strong dispersion tunability of this device holds promise for creating tunable bandwidth combs as well as fundamentally extending beyond conventional dispersion engineering to enable novel comb generation regimes, such as at visible wavelengths. Further, active feedback on microresonator combs using integrated thermal tuning can provide the versatility and robustness needed to allow chip-based frequency combs to operate in real-world sensing, optical clock, and frequency metrology applications.
